('%%)

M' >< a Swmoolh pyuaech'\lc swhace, L a hef
line bundle on X.

(l-\AsSW LLEEJ mwd et x ¢ Bs Kx*'LI_ Thn Dare 1y om
eflochive diviwmr DCX passing ’h/wou.ak 2 mch Thwat eitner
DL=0 awmd D'=-| o0
DLl and D":O

@) MNesume U210 amd 2 @ levgth hwo Gubccheme  which fails b
be separated by [kﬂ'u, Than twave 1s m ffeche divisww
DT X thwugh 2 suth ot it

DL=0 and D= -1 or -2 or

D-L=l and D=0 o -| ) or

D-L=2 amd T=0

€ Xample:
champe L’>\(L blowup ot p-
P?

L= b*3(3). L is wet ( pullback of a/w/oLL}.
ks R O(DE > Lk, T E
Take D=FE. Taw E1=0D awd E“=-]

(Take LLOCO), ant fhe fret tond ition st L g sahished)



Evercig: '-Fl'hd L¥amples satighying all of The s Condidims jn Rudzl’s
Theovim.

Q‘J_"" L ample oh X. L'25 ome 022 B wreducible Cunves

C,C X —Dzum SCK)(*LB \$ jIOlaa”E] g,w-wq'l'-z,d.
[£ L"210 omd L C23 ¥V CX, tmm A(Ke+L) is ven

_C_o,)L(dimZ ot Fdai+0'5 COIAJc(/f'My,J3 A vapLz oh X T
Kx"'gA [ jlol,.gw. ond kx +4A 1S \/th MV\-PLL

Mf (Kuo(la%,‘yq)ﬁaw:tiwi) Lq,"‘ x ,3-& Vv\inirnal of 3"’""*“”94. (:) kxl’:a-;\)
! / 3

(i-) O (m kx\ is jfoLaUg 3Ww+<af It m=Y o if M>3  and
K, =22

(iL)@,mkd is an ombedding away Do (-2) -unves if m25 o
it m>3 ond Ky 22

PE ot ) St L= (DK Thew LQ:CW"DZKEEQ
Assuma Klexl has  bage points,

Cawe |: DL=0 amd D=+



Ao\d'vund—\'mn ‘Fu*‘vmulﬁ\ = 'l=bl = D(D*‘Kx\ = 0 (mot z)

= &
Cose L0 DL=] adD) =0 conbradlicked by m-122
PE oot () Similar

Muwe applicatms o ¢ Riduw's Thm \wjrw

Pl ol Kaidor's Theoven. :

Qk) L a nef L gw X) L’Lz[;)sg"’Xc—X alootSe.poivd- o @(kx"'L\),

=> {*% sotisfies C-B writ lKX+ [-l S0 eavlier tMeorumn
Iw P[ies J vk 2 vh € Si“’h'haj M CES.

(%) p— O —E—=Lo] —0D
Recall: ¢ (E)=(L] omd ¢ (8)= |
=€) -4c(E)= "4y >0,
D we cam apply Bogomolov's [nstability omd get
(%) 0= A—f —>BO], —0

Weve 2 C X is fnite amd QA\_B)Z>O)<A_B)'H>D
'FDV all vaP[z, H



dt(E)= L =AB = B=L-A
= (2A-LY' >0 oand (2A-L)B>0 Y awmple H-

= A HSLHZ0 (a pemet His eheechue)

=> H°(A") =0 = Hom (A,®,) =0

Denote B o 0 A L®T . tw Lomposition AL—’E—”L@I,
o F O Since A doesn't map to .

So H(A(L-A)®T,)+0 = Tare is some global sechim
o O(L-A) Vanishing along %

So L-ATDQQQCHVL) xe D => A= -D

Collect inequa litieg

L s a limit of ample divisors => (2A-L)}L=(L-1D) 20
*2>% :BHodge. indux implies That r\aaiviv\j is h{jaﬁ\u definite
) 2
Oh DV‘hAOjomql CO(MP[-QWUM“. Since QL-ZD) >O)

(LJD\'L#O = (L-2D)L>0 ©

Exercice : Use Hodae index o showthat (LV)(B) (L'D)* ®



Rell | =Co(€) AB*longth 2)
md A= L-D BrL-A =D

= (L-D).D=| ®

?iha”g, laim: 2D'< D ®

[—
—

(£ D220, . LDYOky g v

(L-2D) L>0= 2(Lp)< |* € LT
L (LD)< L N
= 1)< D

| £ Dl =0 ) Thon HoJc]e indix = L DFD =[D >0, v claim holds.
If D'<0 L D=20,% it holds.

L'D-léD1<£i_D = 0¢l D<=
® @
= ¥ L'D0, D=

£ L D-1, Do @

Exercise: Prove Twe Secownd Pov-l o Reidw's Thiovem.

Example: Ler X be aSmootn pjecive  Surfac w/
l<x: 6,( (lz X 1< }<5 WGL)@,“CW\\, L O\W\Pl.t on X .



Clain Assume L'25. L Is hot glob guuded <
X covtaing an ivveducible cwrve C S X w/ Pa(C\)ﬂ omal
CL =l

Pf: £ L is hot j[oloq “Iq g/wwd'e_dl'\'\'w\n Reida's Theovem
) :] ef2 o hu< D S.J&‘ Dl-— -| or O

Budt adduhch'ov\ = D' < even o D2=O omd LD =]
= D=C,'lweﬁluci\ou) Gand C/Z:Z_ﬁ—z =0 733=\7

Aecumae L s jloloa“u] W+d, ond 3 qucha C.

L-C=] = CPM(C) Lmsofvjm | = C%ﬂ)') which
(on tvadicts Pq(c\=|, 1]

Claim: 1# [*210 and L is L:.P.\(,'l’h.w L is not Very ample
<= 3 reduted cul’vaPa(D):[ ad D2

PE Asswme Lhot via Thw Roidw's Thm=> exists D
\N/ eitwer
0.)) DL =0, conbradicks amplen ¢

L) Dl=l awd D=0 or A
ln this case, by previouc part  [ijsnot b.pf.



) DL=2, D0~ 2pa(D)-2= pdD) =]
H D IS I/lvh“VeJlACz&) DL‘—Z = D’ZC

Bt ham C L =]and CL'-O) (,oermdLoh’nﬂ prenious claim,
Assume now L is v.omple. Assuma quch a 1D exists.

Since ©L=2,D & irreducible or D=C+C’

1t D=C+C", GPM embeds coath a< a |ine

But PQ(D)= | ;50 amd C' indersect in exactly 2 Po{n'fs)
whichic a towbrad ichow

So D is irVe.dUC”OL‘Z md 2mbeds o a d-ojvu 2 uwe.
= DE P se

Note - This easily gommalizes to Surfaces w/ Ky vumarically
Trivial 'o'j lu.p[aciv\j L w/ \(Q—L



